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2innity determines the topology of the event horizon far
in the future, we may say that the topology of the upper
end of future null innity in such spacetimes is not one
sphere but two spheres.
In the present article, we consider that in such space-
times with the black holes which do not merge eternally,
the topological structure at the upper end of future null
innity pinches. Here we emphasize that its topologi-
cal structure determines the spatial topology of an event
horizon far in the future. In section II, we will give the in-
dex theorem and mention the relation between the topol-
ogy of the upper end of future null innity and geomet-
rical structure of the null congruence of the generator
on future null innity. Since we discuss black hole space-
times, we consider the only asymptotically at spacetime.
So we will give its denition in the rest of section II. In
section III, we will discuss the method to examine the
topology of the upper end of future null innity. In sec-
tion IV, we will apply this method to C-metric as an
example, to illustrate the detail concretely.
Throughout this article, we use the abstract index no-
tation as the component notation of tensors and it is
denoted by Latin indices a; b;    .
II. PREPARATION
How can we know the topology of an event horizon far
in the future?? As mentioned above, an event horizon is
dened as the boundary of the causal past of future null
innity, whose topology is S
2
R [12]. So at rst sight
we think that the spatial topology of black holes is a sin-
gle sphere nally. That is, all black holes coalesce and
become a single far in the future. Is this real ? There are
some exceptions to this. The examples of these excep-
tions are Majumdar-Papapetrou solution and C-metric.
On the former, each black hole does not coalesce eternally
by the force of electric repulsion. The latter describes two
uniformly accelerated black holes connected by a string
which are away from each other in the future. It is evi-
dent that in these spacetime black holes do not coalesce
far in the future. It seems that these are inconsistent
with the topology of future null innity, S
2
R.
Nevertheless, there is doubt that the topology of the
upper end of I
+


















) is the causal future of spatial innity
i
0
. Therefore, there is not evidence that the topology of
the upper end of I
+
is a sphere in such spacetimes. As
shown in FIG.1(b), we may expect that I
+
pinches at
the upper end in the spacetime where two black holes
does not eternally coalesce.
First of all, we must mention the method to examine
the topology of the upper end of future null innity. The
following corollary [11] of the Poincare-Hopf's theorem is
useful.
Theorem 1 Let M be a compact n-dimensional (n > 2 is
(a)
(b)
FIG. 1: The topological structure of the upper end of future
null innity in the case (a) where two black holes will coalesce
in the future and in the case (b) where two black holes will
not collide far in the future. In (a), I
+
is a sphere at the
upper end but in (b), I
+
pinches at the upper end.
an odd number) C
r









= ;. X is any C
r 1
vector eld with at
most a nite number of zeros, satisfying the following
two conditions: (a)The zeros of X are contained in Int M.





. Then the sum of the indices of X at all its zeros









) = 2 index(X); (1)













is the number of a critical point (zero of vector
eld X) whose index is k. The index of a critical point








This theorem means that when the topology of slices
of a manifold changes, there must be a zero of the vec-
tor eld on it and equation (1) is satised. Because I
+
is a three-dimensional null hypersurface, we can apply
this theorem to I
+
. Let us consider the tangent vec-
tor eld of the null generators on I
+
as the vector eld
in this theorem. Here, we should pay attention to the
fact that, in this case, zero can exist only on the up-




is geodesically complete about
own null generators by denition. Therefore we have to
3be careful to apply the theorem. Nevertheless, it would
be possible to relate the theorem of index and the con-
gruence of null generators around zero. In FIG.2 and
the following, we temporarily consider small extension of
future null innity into its future directions for an expla-
nation. From Morse's lemma, we suppose that the zero
of the null generators is isolated. Since I
+
is three di-
mension, the behavior of the congruence around zero can
be classied and their index is determined. These are il-
lustrated in FIG.2. The left gures are three dimensional
manifolds with index= 1 zeros, and the right represent
the behavior of the null congruence on the neighborhood
around their zeros. From this gure, there will be type
(a) zero on upper end of I
+
with index = +1. Without
reaching to the upper end, the asymptotic behavior of
shear and expansion tells us information about the zero.
Then we expect shear dominates the congruence that is
approaching to the type (a) zero, and expansion to the
type (b)-(c) zero with index =  1. If we assume that
when two black holes do not coalesce, there should be a
zero with index + 1 and we can say that the ratio of the




FIG. 2: The behaviour of vector eld around the zeros of (a)
index= +1 and (b),(c)index=  1. We can expect that in (a)
the shear will become larger than the expansion and that in
(b),(c) the shear will smaller than the expansion.
Asymptotic atness is essential in our discussion. We
have to state the denition of asymptotically at space-
time before explaining the analytic method to examine
the topological structure of I
+
. The denition men-
tioned here is based on the reference [12].
denition 1 A spacetime (M; g
ab
) is said to be asymp-













except at the point i
0
where it is C
>0
and conformal isom-
etry 	 :M ! 	(M ) 2
~
M with conformal factor 
 satis-















M M . Thus, i
0
is spacelike re-



























































5. The map of null direction at i
0
into the space of
































) = 0 on
I
+





















Let us note that there is gauge freedom in the choice of




) with an asymptotically
at physical spacetime (M; g
ab
) [12]. This gauge freedom
is most important in our discussion.




) is an unphysical spacetime








) with conformal factor !
 for the any





In this section, we will investigate the relation of the ge-
ometrical structure of future null innity (the congruence
of the null generators and curvatures) and the topology
of event horizon far in the future.
A. Physical Ricci Tensor and Unphysical Ricci
Tensor
The relation between the physical Ricci tensor and the
unphysical Ricci tensor gives us a great deal of infor-
mation. The physical Ricci tensor R
ab
is related to the




















































and taking the limit 
! 0 we nd








 must be extended smoothly
to I
+
and be null at I
+
because the rst term vanishes
from conditions 4 and 7 of the denition 1, the second
vanishes from conditions 3 and 4, and the fourth vanishes
from the condition 3,4 and ~g
ab





is null at I
+
but is not null o of I
+
and we put















+    ; (3)
where k
(i)
(i = 1; 2;   ) are the functions independent of





is null geodesic gener-
ators ofI
+








































+    : (5)























;    ; (6)














Newman-Penrose formalism [13] is the choice of the


















 as one of real null
vectors in Newman-Penrose formalism. As we have men-
tioned before, n
a
is null on I
+
but is not null away o
I
+
. Therefore, strictly speaking, this is not Newman-
Penrose formalism. Nevertheless the Newmann Penrose
equations are not aected by this dierence.























































+    : (10)







































in the basis vectors. Note that the rst extra term of the
above equation is caused by the equation (10).
In order to investigate the behavior of the null
geodesics on I
+
, we have only to consider the values
of spin connections and curvatures only in the neighbor-
hood of I
+
. Now we expand the each basis component
of the equation (2) in the powers of conformal factor 
.





































where we used the condition 7 of the above denition 1










spin connection, which means the expansion of the inte-
gral curves of n
a



































q = 0: (15)
Similarly, from other components we can obtain the
relations between spin connections and Ricci tensors.
From the (l; l) component, we obtain






























is the spin connection which
means the shear of the integral curves of vector eld n
a
.
























5C. Change of Conformal Factor
Now it should be noted that there is gauge freedom in


































In particular, on I
+










Under this transformation, the expansion of the null






















. Therefore, note that we can choose 
(0)
as any
function independent of 
 . Given 
0
(0)
, since the equa-
tion (24) is merely an ordinary dierential equation, there
always exists ! satisfying the equation (24). From the











So from the equation (5), we see that in the gauge sat-
isfying 
(0)
= 0, the null geodesics on I
+
are aÆnely
parameterized. In this article, we call this gauge aÆne
gauge. When we discuss the upper end of I
+
, we must
not choose the ane gauge since in the aÆne gauge, there
is not the upper end, that is, the null geodesics are com-
plete in an aÆne parameterizing. Hence, we must choose
the gauge such thatI
+
is compact in the direction of n
a
,




From (18), the zeroth order for the shear , vanishes,





















































represents the quantity after transforming




D. Null Generator Congruence and Weyl
Curvature
As mentioned before, the topology of the event hori-
zon is expected to be related to the upper end of I
+
.
We discuss this in the context of asymptotic atness. In
an asymptotic at spacetime, it is guaranteed that there
exists a conformal embedding dened in the latter half of
section II. The asymptotic atness, however, accepts the
further conformal transformation that is indicated by !
as gauge freedom. Since the gauge transformation can
become singular (! can become zero or innity) at the
upper end of I
+
, we should be careful to choose !. The
gauge freedom can makes the upper end of I
+
degener-
ate into a point or take away to innity in the direction of
null generator tangent n
a
. Indeed, when we take a gauge
choice in which n
a
becomes aÆne parameterized, the null
generators are complete in aÆne parameterizing by de-
nition. Nevertheless, since we want to study the geomet-
rical structure near the upper end of I
+
, it is important




 in which the null generators
are incomplete in aÆne parameterizing though is com-







aspect results from the compactness of I
+
(or unphys-
ical manifold) in the upper direction. Under this gauge
choice, we discuss the topology of the upper end of I
+
.
If we allow for ! to become angular depend irregularity
at the upper end ofI
+
, the irregular angular dependence
also may change the topology of the upper end of I
+
.





 from aÆne gauge.
Newman-Penrose equation[13] relates the shear onI
+











 =  ( + )  (3   )
+ (3+

 +     ) + 	
(4)
:(28)
We expand each term of the above equation in powers
of 




which is independent of the choice of gauge. The spin















































. Then if we trans-
form ! from aÆne gauge into another gauge, from the


































does not depend on
;  and ! is positive everywhere. Therefore, we see that





6Finally, let us compute the order of the spin connection



















part of  is













from the equations (5) and (14). Since the imaginary
part of  becomes










it depends on the direction of m
a
which we have not yet
determined. Now let us determine the direction of m
a





, it will be parallelly transported along the null










= 0 on I
+
. (36)
Moreover in the direction away o I
+











= 0 everywhere. (37)
Thus,     becomes
    = O(
): (38)
























































is the parameter of null geodesics on I
+
and






. If we transform conformal
factor from aÆne gauge into the gauge such that I
+
is













































where  depends on ! and is a function of . Therefore,
if there is  satisfying 2    > 0, this ratio can diverge,
that is, the shear can be much larger than the expansion.
This implies that I
+
pinches at the upper end. The
point is that if Weyl curvature falls o later than some
power of parameter of null generators, two black holes
will not coalesce far in the future.
Now that we obtain the suÆcient preparation, we can
restate our suÆcient condition for not coalescing black
holes as follows;
Condition That Black Holes Do Not Coalesce
When we transform the conformal factor from aÆne






of future null innity pinches at the upper end if there







conformal factor ! satisfying the below conditions.




! = 0, where u and u
0
are parameters of
the null geodesics on I
+
in aÆne gauge and in another
gauge, respectively and !(:) is the smooth function on
a sphere which is positive and not singular everywhere.
(2)There is a real number  > 0 satisfying the following
condition; For any number L > 0, there are positive
numbers K and Æ such that if u
0









j > L, where  is an exponent appearing in 	
4(1)
extended in the power of u
0





Of course, in such an unphysical spacetime, the space-
time is confomally embedded as illustrated in FIG.1(b).
IV. APPLICATION TO C-METRIC
In this section we demonstrate the above condition by
an example. Now we consider the vacuum C-metric as
the example of the spacetime where two black holes does
not eternally coalesce [14],[15],[16]. The line element of














































BMS coordinate[17] is expanded at large distance, but
since in our discussion it is suÆcient to consider the only
neighborhood of I
+
, we may transform the metric (44)





















7where four functions are

































U (u; r; ) =  (c




















cot    2c)
;u
: (52)
We should note that these four functions are expressed
by one function c(u; ) whose dierentiation by u is called
the news function. We introduce the new coordinate by
v  u+ 2r: (53)



























Furthermore, we introduce the new coordinate V = 1=v
so that innity along outgoing null geodesics will corre-
spond to V = 0. The metric components in the new
coordinate (u; V; ; ) are
ds
2


























In turn, we transform the above physical metric.
d~s
2








































 = V .






















+ 2c cot ) + [ 2c(c
;












in powers of conformal factor 
.
Now let us determine the basis vector mentioned in
section III from the metric section (56). It is easy to








































































































































































































































Since the rst order in the equation (70) vanishes, we see
that the choice of conformal factor 
 = V is aÆne gauge.











holds. The shear  in this gauge is
















































8and u is the aÆne parameter of the null generator of I
+
.
We must transform conformal factor from aÆne gauge
into the gauge such that I
+
is compact and examine the
ratio of the shear to the expansion of the null geodesic
generators which plunge into the zero at the upper end of
I
+
. In aÆne gauge, the shear in this direction behaves

















there is the relation between aÆne parameter and the











where we set ! = 1=u
0
.




















where we used (24), (27), (75) and (76). So, we see that
when u!1(u
0
!1), this ratio diverges to innity. We





such that the ratio of the shear to the expansion of the
null generators on I
+
diverges. We also nd easily
lim
u!1
! = 0: (78)
On the other hand, though Newman-Penrose formalism
is ,of course, true, we conrm that the behavior of Weyl










So if we choose ! so that 0 <  < 1, 0 <  < 2 holds.
Therefore, two conditions (1) and (2) stated in the end of
section III are satised. This implies that cross section
of I
+
pinches at the upper end, as we have expected.
V. SUMMARY AND DISCUSSION
We have investigated the relation between the topolog-
ical structure of an event horizon far in the future and the
geometrical structure of the future null innity. A suf-
cient condition for topologically non-trivial nal black
holes is proposed and applied to C-metric as an example.
If some component of Weyl curvature has a late power
law tail, since future null innity pinches o at the upper
end, two black holes will not coalesce far in the future.
We make sure of the validity of our method on C-metric.
While we concentrate on the gravitational radiation
	
(4)
of Weyl curvature as leading order contribution,
there are possibilities that other component of curvature
may contribute to the topological structure of future null
innity, for example, for Majumdar-Papapetrou solution.
In Majumdar-Papapetrou spacetime, since gravitational
eld radiation 	
(4)
vanishes, we expect 	
(2)
contributes




In the present article, we mainly considered the
case with several spherical black holes, since Wald and
Chrusciel proved in a stationary spacetime the black
holes are spherical under null energy condition. There-
fore, if we expect the nal state of a black hole spacetime
become stationary, our method will give the number of
black hole black holes with a spherical topology far in the
future.
Using the result of this article, what can we know
about the collapsing stars from the observation of the
gravitational radiation. The suÆcient condition for topo-
logically non-trivial black hole suggests the power of late
time tail radiation will let us know about the nal topol-
ogy of black holes. Of course, to get rigorous statement
about that, we should make clear the astrophysical mean-
ing of the gauge choice used in this article.
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